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Intuitive Student Strategies
Drawing
2n+1 Drawing representations allowed students to explain with their generalizations
how they saw the
pattern:

Recursive Strategy
Carla used a recursive strategy, adding the constant change,
throughout.
Stage 73: She said would draw 73 rows of 3, then count them, keep
adding from 52 (stage 17) and add the one on the top
or
Stage Difference Strategies
Ricardo sees the pattern growing by the three on the top, plus the one on
the bottom.
Stage 17: Used a Stage Difference Strategy – 11th stage + 3(17-11)
For Stage n: holds the last stage that he knows as the constant. He
explains that he will find the difference from that stage to the n stage and
the multiply it by 3.

Nth Term Strategies
Jose: Stage 11: Drew rows of 3 plus one on the top.
Stage 17: Calculated 17 rows of 3, plus one on the top
or
Reyna: Stage 11: She multiplied (skip counted) on her fingers 3
x 11 plus the one on the top.
Stage 17: Added 3 17’s plus one on the top.
Generalized as:
or
Kevin sees columns
Stage 73: Explained that there were 3 columns of 73, and add
one to the middle column.
Generalized as:
or

Connor/Paulson 2013

Teacher Moves Used to Support and Extend Student Thinking
Teacher Move

Student Thinking that Prompted Questioning

“Do you see a relationship between  When student didn’t see a clear pattern or relationship
the stage number and the number  When student repeatedly used the recursive strategy
of _________ in the pattern?”
or the stage difference strategy

Rationale for the
Question
 To encourage students to
see the functional
relationship between the
quantities

Ask students to review strategies
used in previous stages or
problems

 When student didn’t remember how he/she solved
previous problems or needed a “running start”
 When student made an arithmetic error

 To connect what had been
successful in previous
questions

“What would that stage look like?
Can you put a picture of it in your
head?”

 When student continued using a less sophisticated
strategy (drawing, modeling with blocks, recursive)

 Used in the later stages to
encourage more abstract
reasoning

“Is there another strategy you
could use to figure that out?”

 When student made an arithmetic error
 When student’s strategy wasn’t working for him/her

 To extend thinking toward
more efficient strategies
 To check the arithmetic

Change the numbers in the
problem to larger numbers, like
Stage 500.

 When student had used a drawing or modeling strategy  To encourage more
efficient algebraic
 When student attempted to assign a value to the
variable at the nth term
strategies

Teaching Implications From The Research
Number Choice: Provide a break in the pattern
Choose non-consecutive stage numbers when using a T-table so students are challenged to move
from using recursive strategies toward identifying functional relationships. As demonstrated in our
study, the number choices which provided a break in the pattern pushed students to use more
sophisticated strategies to generalize the functional relationship.
Listen, Watch, Understand
Listen to your students and watch what they do! Student reasoning can provide a teacher powerful
information with which to make deliberate decisions about specific teacher moves to lead them to a
more sophisticated strategy. Now that we understand the strategies students use and the
mathematical reasoning behind them, we listen for the specific strategies, indicated by comments and
drawings.
Use Geometric Patterns and Problems in Context
Present students with a variety of tasks. Include geometric patterns, which allow for a rich discussion
about the mathematical ideas that are the basis for the generalization, as well as story problems set in
a context because story problems make sense to students. These types of tasks provide students
opportunities to extend their thinking and move toward making generalizations.
Consider the Use of the Variable
Be cognizant of the different uses for the variable. Choose tasks which give students the
opportunity to use a variable to generalize, or to explain a relationship, instead of limiting their
exposure to simply finding an unknown value. Much of higher level mathematics, algebra in particular,
requires the use of the variable to generalize functional relationships. At an early level, our study
indicates, students need to be afforded opportunities to understand that there is more than one way to
use a variable.
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Teacher Monitoring Guide: Table and Chairs (2n+2)
Developed in response to: Smith, M., & Stein, M.K. (2011).
5 practices for Orchestrating Productive Mathematics Discussions

Anticipating:

Monitoring:

Consider what
students might
do with the
problem,
including
misconceptions.

Observe and
record student
responses.

Strategy

Selecting:

Sequencing:

Connecting:

Make a deliberate Make a deliberate
Make
choice about
decision about
connections
which student
the sequence to
between
solutions to share share solutions
strategies, the
and discuss.
based upon
drawings and the
instructional
problem.
goals.

Who and What?

Order

Draw picture or
model with blocks
Stage difference,
including doubling
the stage difference
Recursive +2
Generalizing to the
nth term
Other

Adding Stages
(misconceptions)
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LET’S TRY ANOTHER ONE
A Geometric Growth Pattern

Study the pattern

1. How many dots will
there be at:
4 minutes
5 minutes
10 minutes

2. How many dots will there be at the 17th
minute?
3. You don’t have to do the math, but how
would you figure out how many dots would
there be after 73 minutes?
4. Can you generalize the pattern after any
number of minutes?

Progression of Typical Student Strategies:
Geometric Pattern: 4n+1
Drawing to Recursive to Stage Difference

Recursive (Add Common Difference)

Drawing
Stage 5

Stage Difference

Stage 10
Stage 17

Students’ Drawings become powerful tools for leading students toward
symbolic representation of the pattern

WHAT’S SO HARD ABOUT
GENERALIZING?
Uses for a Variable Have Subtle Differences
1. As a PLACEHOLDER: such as in formulas
𝑨 = 𝑳𝑾
𝑷 = 𝟐𝑳 + 𝟐𝑾
𝑨 = 𝝅𝒓𝟐

Y=MX+B

2. As an UNKOWN: the variable represents a specific quantity 𝒙 + 𝟐 = 𝟏𝟎
3. As a GENERALIZATION: as in the pattern and context patterns shown
today. (This is the most common use of the variable for mathematicians thinking about
solving a real world problem.)

Students should be able to identify different uses for variables.
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APPENDIX 1
For your birthday your mom gave you a piggy bank with $1 in it. To help you save money she
will pay you $4 per week for doing your chores. You save all of the money, so at the end of the
first week you have $5. At the end of the second week you have $9.

For each question, use the space below to explain and show your work.

1. How much money will you have at the end of 3 weeks?

2. How much money will you have at the end of 4 weeks?

3. How much money will you have at the end of 10 weeks?

4. How much money will you have at the end of 17 weeks?

5. How would you figure out how much money you would have after 73 weeks? (You don’t
have to do it, just explain what you would do).
__________________________________________________________________________
__________________________________________________________________________
6. If w equals the number of weeks, what expression could you write to explain how much
money you would have at the end of w weeks.
_________________________________________________________________________
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APPENDIX 2

At One Minute

At Two minutes

At Three minutes

For each question, use the space below to explain and show your work.
1. How many dots will there be at 4 minutes?

2. How many dots will there be at 5 minutes?

3. How many dots will there be at 10 minutes?

4. How many dots will there be at 17 minutes?

5. How would you figure out how many dots you would have after 73 minutes? (You don’t have
to do it, just explain what you would do).
__________________________________________________________________________
__________________________________________________________________________
6. If m equals the number of minutes, what expression could you write to explain how many
dots there would be at m minutes?
________________________________________________________________________
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APPENDIX 3
Your mom is having a big birthday party for you and she wants to make sure there are enough tables &
chairs for everyone. One table seats 4 people, but to sit with all your friends, you’ll need to push the tables
together. So, two tables seat 6 people, and three tables seat 8 people.

For each question, use the space below to explain and show your work.

1. How many people will be able to sit at 4 tables?

2. How many people will be able to sit at 5 tables?

3. How many people will be able to sit at 11 tables?

4. How many people will be able to sit at 17 tables?

5. How would you figure out how many people will sit at 73 tables? (You don’t have to do it, just explain
what you would do).
__________________________________________________________________________
__________________________________________________________________________

6. If T equals the number of tables, what expression can you write to explain how many people would sit
at T tables?
____________________________________________________________________________
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APPENDIX 4

Stage 1

Stage 2

Stage 3

For each question, use the space below to explain and show your work.
1. How many squares will there be at Stage 4?

2. How many squares will there be at Stage 5?

3. How many squares will there be at Stage 11?

4. How many squares will there be at Stage 17?

5. How would you figure out how many squares you would have at Stage 73? (You don’t have to
do it, just explain what you would do).
__________________________________________________________________________
__________________________________________________________________________
6. If S equals the stage number, what expression could you write to explain how many squares
there would be at Stage S?
__________________________________________________________________________
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APPENDIX 5

Your friend has a collection of small flags from around the world that started when his uncle gave
him one small flag. Now, as a part of every Independence Day celebration, your friend gets 3
small flags from his uncle. So, after the celebration in Year 1, your friend has 4 small flags. After
the celebration in Year 2, he has 7 small flags, and after Year 3, he has 10 small flags.

For each question, use the space below to explain and show your work.

1. How many small flags will your friend have after Year 4?

2. How many small flags will your friend have after Year 5?

3. How many small flags will your friend have after Year 11?

4. How many small flags will your friend have after Year 17?

5. How would you figure out how many small flags your friend would have after Year 73?
(You don’t have to do it, just explain what you would do).
__________________________________________________________________________
__________________________________________________________________________
6. If Y equals the number of years, what expression could you write to explain how many
small flags your friend will have after Y years?
__________________________________________________________________________
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APPENDIX 6

Stage 1

Stage 2

Stage 3

For each question, use the space below to explain and show your work.
1. How many squares will there be at Stage 4?

2. How many squares will there be at Stage 5?

3. How many squares will there be at Stage 11?

4. How many squares will there be at Stage 17?

5. How would you figure out how many squares you would have at Stage 73? (You don’t have to
do it, just explain what you would do).
__________________________________________________________________________
__________________________________________________________________________
6. If S equals the stage number, what expression could you write to explain how many squares
there would be at Stage S?
__________________________________________________________________________
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